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Abstract  
  
Perovskite ABO₃ materials have garnered significant attention due to their potential for electronic and 
microelectronic applications. Lead-based compounds, such as PbTiO₃, Pb(Zr,Ti)O₃, and Pb(Mg₁/₃Nb₂/₃)O₃, are widely 
utilized but pose environmental risks, prompting a search for lead-free alternatives. To this end, morphotropic phase 
boundary composition of Ba-modified (Bi0.5Na0.5)TiO3 is considered to be a promising candidate Ba₀.₀₆(Bi,Na)₀.₉₄TiO₃, 
which shows promising dielectric and piezoelectric properties. In order to further enhance the dielectric 
characteristics of Ba₀.₀₆(Bi,Na)₀.₉₄TiO₃, the Ti⁴⁺-ions have been substituted with the pseudo-cation (𝑁𝑖1/3

3+𝑁𝑏2/3
5+ )4+. 

Accordingly, in this study, lead-free solid solutions of (1-ϕ)Ba₀.₀₆Na₀.₄₇Bi₀.₄₇TiO₃–ϕBa₀.₀₆Na₀.₄₇Bi₀.₄₇(Ni₁/₃Nb₂/₃)O₃ 
(0 ≤ ϕ ≤ 1.0) have been synthesized using the solid-state reaction process. Also, the real and imaginary components of 
permittivity at 1 kHz were analysed as functions of filler (Ba₀.₀₆Na₀.₄₇Bi₀.₄₇(Ni₁/₃Nb₂/₃)O₃) concentration. The 
suitability of dielectric mixture equations, including Bruggeman, Furukawa, Rother-Lichtenecker, modified Rother-
Lichtenecker, and Knott models, was evaluated. Additionally, a first-order exponential growth model provided an 
excellent fit to the data (r² > 0.99). 
 
Keywords: Lead free, Solid solution, Complex permittivity, Dielectric mixture equations, Dielectric loss. 
 
 
1. Introduction 
 

Perovskite ABO₃ ferroelectric oxides are highly valued 
for applications in electronics, microelectronics, 
pyroelectric and piezoelectric devices. These materials, 
predominantly lead-based, often incorporate multiple 
cations at octahedral lattice sites, with heterovalent 
ions of varying ionic radii, valence states, and 
polarizabilities enhancing dielectric, electrical, and 
electromechanical properties. Due to environmental 
concerns, lead-free ceramic solid solutions have 
garnered significant attention for their improved 
dielectric and piezoelectric properties, enabling 
performance optimization for diverse technological 
applications [1-3]. Such composite solid solutions 
provide opportunities to effectively tailor and 
ultimately optimize their performance according to the 
requirements. Additionally, determining the true 
dielectric properties of these materials has attracted 
widespread global concern in recent years [4-9]. 
Furthermore, the morphotropic phase boundary 
composition Ba₀.₀₆(Na₀.₅Bi₀.₅)₀.₉₄TiO₃ (BNBT) has 
emerged as a notable lead-free alternative, offering 
superior    dielectric    and    piezoelectric   performance 
[10,11].  
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Recent studies have demonstrated the formation of 
solid solutions involving BNBT with Ba(Fe₀.₅Nb₀.₅)O₃ 
[12], Ba(Fe₀.₅Ta₀.₅)O₃ [13], and NaNbO₃ [14,15], 
yielding materials with exceptionally high dielectric 
constants. Additionally, pseudo-cation substitution, 
such as (Mg1/3Nb2/3)4+, has been shown to influence 
phase transition behavior in BNBT systems [16,17]. In 
this work, the dielectric performance of BNBT is 
further enhanced by substituting Ti⁴⁺ with the pseudo-
cation (Ni1/3

3+ Nb2/3
5+ )4+.  

Accordingly, solid solutions of (1-ϕ)Ba₀.₀₆Na₀.₄₇Bi₀.₄₇TiO₃–

ϕBa₀.₀₆Na₀.₄₇Bi₀.₄₇(Ni1/3Nb2/3)O₃(BNBT/BNBNN; 0 ≤ ϕ ≤ 1.0) were 
synthesized via the conventional mixed-oxide route 
and systematically characterized using X-ray 
diffraction, scanning electron microscopy, and 
dielectric measurements. The dielectric constant and 
loss factor were evaluated utilizing various dielectric 
mixture equations, including perturbation expansion, 
variational approaches, and effective medium 
approximations, to determine the most suitable model 
across the full range of inclusion material volume 
fractions. 

  
2. Experimental details 
 
Lead-free solid solutions of (1-ϕ)BNBT–ϕBNBNN (0 ≤ 
ϕ ≤ 1.0) were synthesized via the conventional mixed 
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oxide method using analytical reagent-grade 
precursors: BaCO₃, Na₂CO₃, Bi₂O₃, TiO₂, NiO, and Nb₂O₅ 
in stoichiometric proportions. Calcination conditions 
were optimized to 1140°C/4 hours for BNBT and 
1100°C/4 hours for the remaining compositions. These 
calcined powders were then pressed into cylindrical 
pellets having a diameter of 10 mm and a thickness of 
~1.5 mm under a pressure (uniaxial) of 6 tons, using 
polyvinyl alcohol as a binder. These green pellets were 
subsequently sintered at 1160°C/3 hours for BNBT and 
at 1120°C/4 hours for other compositions in different 
crucibles covered with platinum foil. Phase formation 
was analyzed using X-ray diffraction (XRD) on a Bruker 
D8 Advance diffractometer with CuK radiation (λ = 
1.5405 Å) over a 2θ range of 20°–70°. Unit cell 
parameters, space group, and crystallographic details 
(hkl values) were refined using the Rietveld method 
via FullProf software. Fractured surfaces of sintered 
specimens were examined for surface morphology 
using a scanning electron microscope (Zeiss EVO 18). 
To ensure moisture-free surfaces, all samples were 
oven-dried at 80°C for 3 hours before applying silver 
paste (air-dried) to both flat surfaces for carrying out 
the dielectric measurements. Room-temperature 
dielectric properties were measured using an LCR Hi-
Tester (Japan, HIOKI 3532-50) attached to a computer 
for data acquisition. 
 

3. Theoretical models 
 

The accurate determination of the filler-concentration 
dependent effective permittivity (dielectric constant, 

𝜀𝑒𝑓𝑓
′ ) and loss factor (𝜀𝑒𝑓𝑓

″ ) of solid solutions is critical 

for material design [18]. Numerous theoretical models, 
including those proposed by Maxwell-Wagner, 
Skipetrov, Knott, Furukawa, Rother-Lichtenecker, 
Bruggeman, Hashin-Shtrikman, Cuming, Taylor, 
Wiener, Poon-Shin, Lewin, Jayasundere-Smith, Sillars, 
and modified Cule-Torquato, have been employed to 

estimate 𝜀𝑒𝑓𝑓
′  for a range of composite systems [19–

21]. The models utilized in this study are detailed 
below: 
 
(a) Bruggeman equation (BE): 
 

𝜀𝑒𝑓𝑓
′ = 𝜀𝑚

′ [1 +
𝜑𝑓(𝜀𝑓

′ −𝜀𝑚
′ )

𝜀𝑚
′ +𝑛(1−𝜑𝑓)(𝜀𝑓

′ −𝜀𝑚
′ )
]         (1) 

 
Here, subscripts f and m denote filler and matrix, 
respectively, and n is an adjustable parameter (shape 
dependent) based on data variations. 
 
(b) Furukawa equation (FE)/Effective medium theory 
(EMT)/Webman theory 
 

𝜀𝑒𝑓𝑓
′ = 𝜀𝑚

′ [
1+2𝜑𝑓{(𝜀𝑓

′ −𝜀𝑚
′ )/(𝜀𝑓

′ +2𝜀𝑚
′ )

1−𝜑𝑓{(𝜀𝑓
′ −𝜀𝑚

′ )/(𝜀𝑓
′ +2𝜀𝑚

′ )
]                    (2) 

 
(c) Cuming model/Rother-Lichtenecker equation 
(RLE): 

𝜀𝑒𝑓𝑓
′ = 𝑒𝑥𝑝(𝛴

𝑖
𝜑𝑖 𝑙𝑛 𝜀𝑖

′)            (3) 

 
where ϕi and 𝜀𝑖

′, respectively represent the volume 
fraction, and dielectric constant of the ith component. 
 
(d) Modified Rother-Lichtenecker equation (mRLE): 
 

𝜀𝑒𝑓𝑓
′ = 𝑒𝑥𝑝[ 𝑙𝑛 𝜀𝑚

′ + 𝜑𝑓(1 − 𝑘) 𝑙𝑛( 𝜀𝑓
′ /𝜀𝑚

′ )]      (4) 

 
Here, k is a shape-dependent parameter. Equations (3) 
and (4) are variations of the logarithmic mixing law 
applicable to statistical or chaotic mixtures. 

For solid solutions, few models account for the 
filler-concentration dependence of 𝜀𝑒𝑓𝑓

″ . One notable 

equation, introduced by Bruggeman [22], offers an 

approach to incorporate all available models for 𝜀𝑒𝑓𝑓
′  

into its framework for comparison with experimental 
data. 
 

𝜀𝑒𝑓𝑓
″ =

𝜀𝑚
″ [(𝜀𝑓

′ −𝜀′)(𝜀𝑓
′ +2𝜀𝑚

′ )𝜀′]

[(𝜀𝑓
′ −𝜀𝑚

′ )(𝜀𝑓
′ +2𝜀′)𝜀𝑚

′ ]
+ 𝜀𝑓

″ 3(𝜀′−𝜀𝑚
′ )𝜀′

(𝜀𝑓
′ −𝜀𝑚

′ )(𝜀𝑓
′ +2𝜀′)

      (5) 

 
In this work, Equations (1)–(4) were applied in 

Equation (5) to predict 𝜀𝑒𝑓𝑓
″  of (1-ϕ)BNBT–ϕBNBNN (0 

≤ ϕ ≤ 1.0) solid solutions and compared with 
experimental measurements. 
 
3. Results and discussion 
 
Figure 1 displays the Rietveld-refined XRD profiles of 
(1-ϕ)BNBT–ϕBNBNN solid solutions for 0 ≤ ϕ ≤ 1.0. 
The presence of sharp, single-phase peaks without any 
additional reflections from constituent oxides or 
carbonates confirms the favorable formation of 
homogeneous solid solutions. This indicates the gross 
incorporation of the pseudo-cation (Ni1/3

3+ Nb2/3
5+ )4+ into 

the BNBT matrix. XRD analysis reveals that the BNBT 
(ϕ = 0) exhibits a monoclinic unit cell structure with  
 

 
 

Fig. 1 Room temperature XRD profiles (Rietveld 
refined) of BNBT/BNBNN solid solutions. Symbols 

represent the observed data points and the solid lines 
their Rietveld fit. 
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Table 1. The lattice information of BNBT/BNBNN solid 
solutions at room temperature. 

 
Solid 

solutio
ns 

ϕ = 0 
ϕ =  

0.25 
ϕ =  

0.50 
ϕ =  

0.75 
ϕ =  
1.0 

a (Å) 
b (Å) 
c (Å) 
 () 

3.99 
3.86 
3.29 

102.9 

3.93 
3.93 
2.78 

90.00 

3.94 
3.94 
2.79 

90.00 

3.95 
3.95 
2.80 

90.00 

3.9668 
3.9668 
3.9662 
90.00 

 
the space group of P2/m, whereas BNBNN (ϕ = 1.0) 
adopts a tetragonal (pseudo-cubic) structure having 
the space group of P4/mmm. Variations in peak 
intensities and Bragg positions are evident across 
compositions, reflecting changes in lattice parameters 
(as shown in Table 1) and crystal symmetry due to the 
inclusion of the pseudo-cation (Ni1/3

3+ Nb2/3
5+ )4+. Rietveld 

refinement of intermediate compositions (ϕ = 0.25, 
0.50, and 0.75) indicates that these solid solutions 
crystallize in a tetragonal phase having the P4/mmm 
space group. Thereby, the partial substitution of Ti4+ by 
(Ni1/3

3+ Nb2/3
5+ )4+ is accountable for altering the 

fundamental lattice structure of the solid solutions. 
 

 
 

Fig. 2 SEM micrographs of BNBT/BNBNN solid 
solutions (scale: 10 m). 

 
Figure 2 presents scanning electron microscopy images 
(SEM) of the fractured surfaces of (1-ϕ) BNBT–
ϕBNBNN solid solutions (0 ≤ ϕ ≤ 1.0). The micrographs 
reveal densely packed, nearly cuboidal grains with 
varying sizes distributed uniformly across all 
compositions. The absence or minimal presence of 
voids indicates the high density of the synthesized 
solid solutions. The mean grain sizes for compositions 
with ϕ = 0, 0.25, 0.50, 0.75, and 1.0 were measured as 
120.7 nm, 156.6 nm, 191.8 nm, 149.0 nm, and 177.8 
nm, respectively. These results demonstrate significant 
changes in grain size and morphology with increasing 
ϕ, suggesting a strong dependence of microstructural 
evolution on the composition of BNBT/BNBNN solid 
solutions. 

Figure 3 (a) and (b) depict the dependence of real 
(ε′) and imaginary (ε′′) parts of the room temperature 
dielectric constant at 1 kHz on BNBNN content (ϕ) in 
BNBT/BNBNN solid solutions. The experimental data 
(symbols) are shown alongside fitted curves obtained 
from different predictive models. An increase in 𝜀𝑒𝑓𝑓

′  

and 𝜀𝑒𝑓𝑓
″  values is observed, with ε′ rising from 328 to 

801 and ε′′ increasing significantly from 39 to 1554 as 
the BNBNN content in the BNBT matrix increases. The 
Bruggeman Equation (BE) model exhibits excellent 
concurrence with the experimental findings for both ε′ 
and ε′′ across the entire range of ϕ. This strong 
correlation is attributed to the inclusion of the 
adjustable shape-dependent parameter (n), which is 
optimized to 0.9 for the current study. In contrast, 
other predictive models such as the Furukawa 
Equation (FE), Rother-Lichtenecker Equation (RLE), 
and modified Rother-Lichtenecker Equation (mRLE) 
fail to adequately describe the experimental ε′–ϕ and 
ε′′–ϕ trends. 
 

 
 

 
 

Fig. 3 Composition () dependent variation of (a) 
effective dielectric constant, and (b) dielectric loss 

factor of BNBT/BNBNN solid solutions at 1 kHz and 
room temperature. 

 
The as obtained experimental data of ε′ and ε′′ of 
BNBT/BNBNN solid solutions could not be accurately 
described by any of the conventional mixture 
equations, except for the Bruggeman Equation (BE), 
which showed limited agreement. To address this 
discrepancy, a novel model for the filler (BNBNN) 
concentration-dependent variation of ε′ and ε′′ was 
proposed [20,23,24]. This model, a first-order 
exponential growth function, is expressed as: 
 
𝑌 = 𝑌𝑜 + 𝐴𝑒𝑥𝑝( 𝜑/𝑡) = 𝑌𝑜 + 𝐴𝑒𝑥𝑝(𝛽𝜑)    (6) 
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Fig. 4 Variation of room temperature dielectric 
constant and dielectric loss factor of BNBT/BNBNN 
solid solutions at 1 kHz along with the fitted curves; 

model Eq. (6). 
 

Table 2. Fitted parameters from Eq. (6) for the real 
and imaginary components of the dielectric constant of 
BNBT/BNBNN solid solutions, measured at 1 kHz and 

room temperature. 
 

 
The parameters Yo, A, t, or β (=1/t), and the coefficient 
of determination (r2) for both ε′ and ε′′ were derived 
through curve fitting, as summarized in Table 2. The 
results demonstrate excellent agreement with r2 > 
0.99, indicating the model's robustness in describing 
the experimental data. Here, Yo+A corresponds to ε′ or 
ε′′ at saturation, while β is interpreted as the growth 
parameter that depends upon the dielectric constant of 
the filler. Fig. 4 illustrates the experimental data and 
fitted curves for ε′ and ε′′ based on Eq. (6). The 
excellent fit (r2 > 0.99) highlights the model's 
applicability to BNBT/BNBNN solid solutions. Notably, 
the values of β vary with different combinations of 
ceramics, likely due to differences in densification 
behavior as denser ceramic particles replace lighter 
ones with increasing volume fractions. The variation in 
β may also be linked to the relative permittivity of the 
ceramic particles, serving as a calibration parameter to 
describe the sharpness or flatness of the variation. This 
study suggests that β offers valuable insights into the 
material's microstructural and dielectric 
characteristics, making it a potentially useful 
parameter for future investigations of ceramic-ceramic 
composites. 
 

4. Conclusion 
 
Lead-free solid solutions of (1-ϕ)Ba₀.₀₆(Na,Bi)₀.₉₄TiO₃-
ϕBa₀.₀₆(Na,Bi)₀.₉₄(Ni1/3Nb₂2/3)O₃ (0 ≤ ϕ ≤ 1.0) were 
fabricated using the solid-state reaction process. The 
dielectric properties, specifically the real (ε′) and 
imaginary (ε′′) parts of the dielectric constant, were 

found to increase consistently with the filler (BNBNN) 
concentration. To evaluate the suitability of dielectric 
mixture equations for predicting the behaviour of the 
composite, four models were analysed. Among these, 
the Bruggeman equation demonstrated excellent 
coherence with the experimental data, exhibiting 
minimal deviations across the whole range of volume 
fractions for both ε′ and ε′′. Furthermore, a first-order 
exponential growth type model was proposed to 
describe the filler-concentration-dependent variation 
of the dielectric constant. This model demonstrated an 
exceptional fit to the experimental data, achieving a 
coefficient of determination (r2) greater than 0.99, 
thereby validating its applicability for accurately 
characterizing the dielectric behaviour of these solid 
solutions. 
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