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Abstract

In this paper, we prove a common fixed point theorem for six mappings which are weakly compatible and not

necessary continuous mappings on fuzzy metric space
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1. Introduction

1In 1965, the concept of fuzzy sets was first introduced
by (Zadeh, 1965) in his classical paper. This theory
evolved in many direction and application in wide
verity of fields in which the phenomena under the
studies are too complex. (Deng, 1982), (Erceg, 1988),
(Kramosil and Michalek, 1975) have introduced the
concept of fuzzy metric spaces in different ways.
(Grabiec, 1998) followed (Kramosil and michalek
,1975) and obtained fuzzy version of (Banach’s,1982)
fixed point theorem. Banach fixed point theorem has
many applications but suffer from one drawback the
definition require that the mapping be the continuous
throughout the space. Common fixed point theorem for
commuting maps generalizing the (Banach’s, 1982)
fixed point theorem was proved by (Jungck, 1986) in
1976. Further (Jungck, 1998) more generalized
commutatively, so called compatibility. There are
proved many theorems in fuzzy metric space for
compatible mappings. (Jungck and Rhoades, 1998)
introduced the notion of the weakly compatible maps
in 1998 and proved that compatible maps are weakly
compatible maps but converse need not true. Here we
prove result for fixed point theorem in fuzzy metric
space by weakly compatible mappings.

2: Preliminaries

Definition 1: A binary operation =:[0,1] X [0,1] —
[0,1] is a continuous t —normif =is satisfying the
following conditions:

(a) = is commutative and associative;

(b) *is continuous;

(c) a*1=aforallae€[01];

(d) a*b < c*dwhenevera <c

and b <danda,b,c,d € [0,1].

*Corresponding author: Amita Pal

Definition 2:

A 3 — tuple(X, M,*) is said to be a fuzzy metric space if
X is an arbitrary set, * is a continuous t norm and M is a
fuzzy set on X2 x (0.o0) satisfying the following
conditions; forall x,y,z € X and s,t > 0,

(a) M(x,y,t) >0,

(b) M(x,y,t) =1lifandonlyif x =y

(c) M(x,y,t) = M(y,x,1),

d) M(x,y,t) * M(y,z,5) < M(x,z,t +5),

(e) M(x,y,t): (0,00) - [0,1] is continuous.

Definition 3: Let (X, M,*) be a fuzzy metric space, then
a sequence {x,} in X is said to be convergent to a point
x € X if

Lim,_, M(x,,x,t) =1, forallt > 0.

Definition 4: Let (X, M,*) be a fuzzy metric space, then
a sequence {x,}in X is said to be Cauchy sequence if
there exist a positive integer n, such that for m,n >
o

Lim,,_, M (x,, X, t) = 1, for all t > 0.

Definition 5: A fuzzy metric space (X, M,*) is said to be
complete fuzzy metric space if every Cauchy sequence
converses in it.

Definition 6: Let S and T be mappings from a fuzzy
metric space (X, M,*) into itself and {x, } is a sequence
in X such that

lim,,_ Sx, = lim,_,, Tx, = z for some z € X. Then
the mappings S and T are said to be compatible if
Lim,,_o M(STx,,, TS x,,t) =1, forall t > 0.
Definition 7: Two mappings S and T are called weakly
compatible in fuzzy metric space if they commute at
their coincidence point; i.e. if Su = Tu for some u €
X,then STu = TSu.

Lemmal: M(x,y,.) is non-decreasing function for all
x,y € X.

Lemmaz2: If M(x,y, kt) = M(x,y,t)forall x,y € X,

t = 0 and for anumber k € (0,1) then x = y.
Definition 8: Two self mappings S and T of a fuzzy
metric space (X,M,x) are called non-compatible if
there exist at least one sequence {x,} in X such that
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lim,,_, Sx, = lim,_ . Tx, = z for some z € X,but
Lim,,_,,, M(STx,, TS x,,t) is either not equal to 1 or
non-existent. Sharma and Bamboria defined a property
in the following way knows as (S-B) property.
Definition 9: Two self mappings S and T of a fuzzy
metric space (X, M,*) satisfy the property (S-B) if there
exist a sequence {x,} in X such that

lim,_ Sx, = lim,_, Tx, = z for some z € X.

3. Main Result

Theorem: Let (X, M,*) be a fuzzy metric space with
txt>tforallt €[0,1] and the condition
lim, o (x,y,t) =1, for all x,y €X. Let
A,B,S,T,E and F are mappings from X into itself such
that

(1) E(X) € AB(X) or F(X) c ST(X),

(2) (AB,F) or (ST, E)satisfy the property (S — B),

(3) There exist a constant k € (0,1) such that
M(Ex,Fy, kt) = M(ABy, Fy,t) * M(STx,Ex, t) *
M(STx, Fy,t)

forallx,y€e X andt >0

(4) If one of E(X),F(X),AB(X),ST(X)
subset of X then

(a) F and AB have a coincidence point
(b) E and ST have a coincidence point
Further if

(5) FB =BF,ET =TE,

(6) The pair (AB, F)and (ST, E) are weakly compatible
then

(c)A,B,S,T,E, F have a unique common fixed point

is a closed

Proof: Suppose that (AB,F) satisfies the property
(S — B) then there exist a sequence {x,,} in X such that
lim,, o Fx, = lim,_ . ABx, = z for some z € X

Since F(X) c ST(X) there exist a sequence {y,}in X

such that Fx,, = STy, .Hence
lim,_ STy, =lim,,_,, Fx, = z. Now we show that
In=2.

Consider

M(Eyy, Fxp, kt) = M(ABxy, Fx, ,t) * M(STy,, Eyy, t) *
M(STy,, Fxp, t)

> M(ABxy, Fx, , t) * M(Fxy, Ey,, t) * M(Fxp, Fx,, t)

> M(ABxy, Fxp,,t) * M(Fxp, Ey,, t) * 1

taking limit n = co and using the property (S — B),we
have

lim,, o M(Ey, Fx,, kt) = lim, ., M(Fx,, Ey,, t)
> lim, o, M(Ey, Fx,,t)

then by theorem 2 we have

lim, o Ey, = lim,_, Fx, =z

lim, . Ey, = z

Now suppose that ST(X) is closed then a subsequence
of {y,}inX has a limit in X. Let it is z. Let u=
(ST)"z so STu = z. Now we have lim,_,, Ey, =
lim, ., ABx,, = lim,, STy, =z

Now

M(Eu, Fx,, kt) = M(ABx,, Fx,,t) * M(STu, Eu, t) *

M(STu, Fx,,t)

taking limit n - oo and using the property (S — B), we
have

lim, o M(Eu, Fx,, kt) = 1% M(z,Eu,t) * 1

M(Eu,z, kt) = M(z,Eu,t)

> M(Eu,zt)

then by lemma (2) we have Eu = z. This shows u is
coincidence point of mappings E and ST, this proves

(a.

Since E(X) ¢ AB(X)and Eu = z = z € AB(X).
Letv € (AB) 'z.Then z = ABv

Now consider

M(Ey,, Fv, kt) = M(ABv,Fv,t) * M(STy,, Ey,, t) *
M(STy,, Fv,t)

> M(z,Fv,t) * M(STy,, Ey,, t) * M(STy,, Fv, t)

taking limit n — oo and using the property (S — B), we
have

M(z,Fv, kt) = M(z,Fv,t) * 1 « M(z,Fv, t)

> M(z, Fv,t)

then by lemma (2) we have Fv = z.This shows that v is
a coincidence point of mappings F and AB, this proves
(b). Similarly we can proves if AB(X) is closed. Now let
if E(X)or F(X) is closed then by condition (1),
z € E(X) c AB(X)or z € F(X) c ST(X) respectively,
then (a) and (b) are completely established.

We are given the pair (ST, E) is weakly compatible so
ST and E commute at their coincidence point
i.e. ST(Eu) = E(STu) or STz = Ez. Similarly

AB(Fv) = F(ABv) or ABz = Fz.Now we have to prove
that Ez = z.From (3) we have

M(Ez,Fx,, kt) = M(ABx,, Fx,,t) * M(STz,Ez,t) *
M(STz, Fxy,t)

> M(ABx,, Fx,,t) * 1 * M(STz, Fx,,t)

taking limit n — co,we have

M(Ez,z,kt) =21+ M(Ez,z,t)

Then by lemma (2), we have

Ez = z.Since STz = Ez so we have

Ez=STz=1z

Now we have to show that Fz = z. From (3) we have

M(Ey,, Fz, kt) = M(Ez,Fz, kt)
> M(ABz,Fz,t) x M(STyy,, Eyy,, t) * M(STy,, Fz, t)
1« M(STy,, Ey,, t) * M(STy,, Fz,t)

taking limit n — co,we have
M(z,Fz,kt) = M(z,F,t)

Then by lemma (2), we have Fz = z.Since ABz =
Fz sowe have Fz = ABz = z.

Now we show that Bz = z. Consider

M(z,Bz, kt) = M(Ez,B(Fz), kt)

sinceEz=Fz=z

= M(Ez, F(Bz), kt)

> M(AB(Bz),F(Bz),t) *

125| MMIT, Lohgaon, Pune, Maharashtra, India, NCPSM- 2016, INPRESSCO IJCET Special Issue-6 (Oct 2016)



Amita Pal et al

Common fixed point theorem

M(STz,Ez,t) * M(STz,F(Bz),t)
= M(B(ABz),B(Fz),t) * 1+« M(z,B(Fz),t)
> M(z,Bz,t)

Then by lemma (2) we have Bz = z.since ABz =
z shows Az = z. Finally we have to show that Tz =
z.Consider
M(z, Tz, kt) = M(Ez, T(Fz), kt)
= M(Ez, F(Tz),kt)
> M(AB(Tz),F(Tz),t) * M(STz,Ez,t)
* M(STz,F(Tz),t)
> M(Tz,Tz,t) 1% M(z,Tz,t)
> M(z,Tz,t)

Then by lemma (2) we have Tz = z.since STz =
z shows 5z = z.From above we have
Az=Bz=S5z2=Tz=Fz=Ez =2z

Let w be another common fixed point of mappings
A,B,S, T,E,F.Consider

M(z,w, kt) = M(Ez, Fw, kt)

> M(ABw,Fw,t) * M(STz,Ez,t) x M(STz, Fw, t)
>1x1xM(z,w,t)

> M(z,w,t)

Then by lemma (2) we have w = z.

Conclusion

In this paper, we prove a common fixed point theorem
for six mappings which are weakly compatible and not
necessary continuous mappings on fuzzy metric space

References

Banach,S,(1922), Sur les opérations dans les ensembles abstraits
et leur application aux équations intégrales, Fund. Math., 3,
133-181.

Deng, Z.K., (1982), Fuzzy Pseudo Metric Space, J. Math. Anal. Appl.
,86, 74-75.

Erceg, M.A, (1979), Metric Spaces in Fuzzy Set Theory, J. Math.
Anal. Appl., 69, 205-230.

Grabiec, M., (1988), Fixed Point in Fuzzy Metric Space, Fuzzy Sets
and Systems, 27, 385-389.

Jungck, G., (1976), Commuting Mappings and Fixed Points,
Amer.Math.Monthly, 83, 261-263.

Jungck, G. (1986), Compatible Mappings and Fixed Points,
Internat. J. Math.Math. Sci., 9 771-779.

Jungck, G. and B.E. Rhoades, (1998), Fixed Point for Set Valued
Functions without Continuity, Ind. J. Pure. Appl. Math., 29 (3),
227-238.

Kramosil, I. and ]. Michalek, (1975), Fuzzy Metric and Statistical
Metric Spaces, Kybernetica, 11,336-344.

Sharma, Sushil and Bamboria.D., (2006), Some New Common
Fixed Point Theorems in Fuzzy Metric Space Under Strict
Contractive Conditions, J. Fuzzy Math., 14, 21-11.

Zadeh, L.A. (1965), Fuzzy Sets Information and Control, 338-353.

126| MMIT, Lohgaon, Pune, Maharashtra, India, NCPSM- 2016, INPRESSCO IJCET Special Issue-6 (Oct 2016)



