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Abstract

Among the various mechanical power transmission means, gears are the most rugged and durable, but proper
designing of the gears is a challenging task. It is expected to follow the pertinent standards of AGMA (American Gear
Manufacturing Association) to design a reliable gear. These standards include a large number of empirical design
factors accounting for various uncertainties. Due to subjective nature of those factors, often wrong input design
factors lead to over-design or under-design of the gear. A portion of the present study is to analyze the various
correction factors used in AGMA equations. To decide the appropriate values of correction factors, it is advisable to
account statistical variations in operating and geometric conditions in the form of their mean and standard deviation
values. In the present work, a methodology of probabilistic design of spur gear has been presented. A case study has
been detailed to compare the procedure suggested by AGMA standard and the proposed methodology.

Keywords: Reliability, gear, statistical variation, AGMA.

1. Introduction

Among the various devices of mechanical power
transmission, gears are the most rugged and durable.
In the present work a study on external spur (convex-
convex mechanical contact) gears has been presented.
Such gears are subject to a combination of high speed
and heavy load conditions, and improper design
unnecessarily increases the noise level and reduces the
gear-life. Proper design of gears is a challenging task
and it becomes more challenging in case of fluctuating
operating conditions, variable material properties and
statistical geometric dimensions. Variation in operating
conditions in one of typical gearbox used in wind-
power-generator is presented in figure 1.
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Fig. 1 Torque and wind speed variation of wind turbine
(Issaetal 2014)

As per figure 1(a) torque ratio varies from 0 to
18.589%. As per figure 1(b) speed varies from 0 to
13.5%. There is a need to develop a statistical design
approach to deal with such variations in operating
conditions. It is interesting to note that statistical
variation in operating conditions is very common in
most of mechanical components such as bearings
[Hirani, 2009, Hirani et al, 2000, Hirani et al, 1999,
Hirani et al, 1998, Muzakkir et al, 2011, Hirani, 2005,
Hirani et al, 2001, Muzakkir et al, 2013, Hirani 2004,
Muzakkir et al, 2015, Hirani, Verma, 2009, Hirani, Suh,
2005, Hirani et al, 2001, Rao et al, 2000, Hirani et al,
2000, Hirani et al, 2002, Burla et al, 2004, Hirani,
Samanta, 2007, Lijesh, Hirani, 2015, Lijesh, Hirani,
2014, Shankar et al, 2006, Lijesh, Hirani, 2015,
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Muzakkir et al, 2014, Lijesh, Hirani, 2015], seals [Hirani
and Goilkar, 2011, Goilkar and Hirani, 2010, Hirani and
Goilkar, 2009, Goilkar and Hirani, 2009, Goilkar and
Hirani, 2009], brakes [Sarkar and Hirani, 2015, Sarkar
and Hirani, 2015, Sarkar and Hirani, 2013, Sarkar and
Hirani, 2013, Sarkar and Hirani, 2013, Sukhwani et al,
2009, Sukhwan and Hirani, 2008, Sukhwani et al, 2008,
Sukhwani et al, 2008, Hirani and Manjunath, 2007,
Sukhwani et al, 2007], gears [Shah and Hirani, 2014,
Hirani, 2009]. The proposed probabilistic design
approach can be applied to any machine component
that necessarily involves consideration of statistical
material strength and the complicated stress state to
which the component is subjected.

In the current industry practice, it is expected to
follow the pertinent standards of AGMA (American
Gear Manufacturing Association) to design a reliable
gear. The AGMA based gear design process includes a
large number of empirical design factors accounting for
various uncertainties related to correction for
geometry, precision requirements, dynamic loading,
over loading, material, reliability, etc. Many of these
factors are based on large numbers of tests and many
years of experience and do not consider the actual
uncertainties in the input data, make these factors less
robust. The selection of the values of design factors is
very subjective. The design factors do not incorporate
all practical conditions, for example dynamic
correction factor for two different scenarios (i) velocity
10+0.5 m/s and (ii) 10£2 m/s remain same.

With growing scientific knowledge and measuring
facilities, it is possible to estimate the statistical
variation in operating conditions and quantify the
uncertainties related to material-properties and
geometric features. There is need to develop a design
methodology to incorporate statistical variations
related to load, speed, strength, dimension, etc.
Implementation of such methodology will eliminate the
need empirical design factors used in AGMA gear
design procedure. In the present work, a probabilistic
approach based on mean and standard deviation
values has been presented. To illustrate the proposed
design procedure, a case-study considering the
statistical variations is presented. Each step has been
detailed and obtained results are matched with results
obtained from AGMA procedure.

2. Gear Design

The involute profile is the most commonly used system
for gears. An important advantage of the involute
profile is that it provides theoretically perfect
conjugate action even when the distance between shaft
centers is not exactly correct. The designer involved
with gears is expected to follow the pertinent
standards of the AGMA using involute gearing profile.
The AGMA approach can be named as classical
approach to design the gears. In the present work, a
summary of classical (AGMA) approach has been
presented. In addition, the proposed statistical
(probabilistic) approach to design reliable gears has

been detailed. A case study has been presented to
compare the design-approaches presented in this

paper.
(i) Classical approach (Budynas and Nisbett, 2014)

The fundamental stress equation used in classical
(AGMA) approach for estimating bending stress is
given by equation (1).

KW,
o, = FmYI_ KKKy K, (1)

]

Here; W, is tangential component of the applied load
(N), F is the face width, m is the module of the gear and
K, is the dynamic factor. The dynamic factor (K) is a
function of pitch line velocity (V) and manufacturing
accuracy. As per the current AGMA standards K, is
represented as:

3.05+V
== - Cast iron, cast profile 2(a
V=308 ( p ) (a)
K, = 6'21\/ (Cut or milled profile) 2(b)
v= % (Hobbed or shaped profile) 2(c)

Ky = 1 % (Shaved or ground profile) 2(d)

Ko is the overload factor which accounts the degree of
non-uniformity in driving torques. The table for the
overload factor is given in table 1.

Table 1 Table of overload Factor

Power Source Uniform | Moderate | Heavy
shock Shock
Uniform 1 1.25 1.75
Light Shock 1.25 1.5 2
Medium Shock 1.5 1.75 2.25

Ks is the size factor reflects non-uniformity of material
property due to size. It depends upon, tooth size,
diameter, ratio of tooth size to diameter of part, face
width, area of stress etc. The value of K is determined
by using equation (3). It was recommended that if the
value of Ks is less than 1, use Ks=1.

K¢ =1.192(Fmyy f©% (3)

Ky is the load distribution factor, which account non-
uniformity in distribution of load across the line of
contact. The load factor value is determined by
equation (4).

Kh =1+Cmc(cpfcpm "‘Cmace) (4)
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Where;
For uncrowned teeth

1
C:mc =
0.8 Forcrowned teeth

Crowning is provided in the gear teeth (as shown in
figure (2)) to avoid stress concentration at the corners.

yLongitudinal
/ ecrowning

‘Profile crowning

Fig. 2 Crowning of gear teeth (Litvin, 2002)

L—0.025 F <25mm
10d
Cy = F 00875+ Fa.92x10* 25mm < F < 425mm
10d
%—0.1109 +F8.15x10™* —F?3.53x10* 425mm < F <1000mm

If F/(10d)<0.05, F/(10d)=0.05 is used

c - 1 For straddle mountedpinion with S, / S <0.175
P" 1.1 For straddle mountedpinion with S, / S >0.175

S is the center distance between two bearings and S; is
the distance between the center line of the gear face
and mid-point of shaft-system as shown in figure 3.

! Mid-point of shaft system
Bearing 1 ~; Gearbox i Bearing 2
82
; PSS g
-—> i

Fig.3 Definition of distance S and S; used in evaluation
Cpm, Cma=A+BF+CF?

The value of A, B, and C is given in table 2.

Table 2 Empirical Constants A, B, and C to find Cnq

Condition A B C

Open gearing 0.247 6.57x10- -3.01x10¢

Commercial, enclosed |, ;,; 6.22x10% | -3.66x10°
units

Precision, enclosed | hc75 | 5035104 | -3.65x10
units

Extra precision 0.00360 | 4.015x10 | -3.24x10

enclosed gear units

0.8 For gearing adjusted at assembly or compatability isimproved
by lapping or both
1 Forall other conditions.

The value of Ky is can also be decided based on the face
width given in table 3 (Gopinath and Mayuram) and
table 4 (Norton, 2001). The wider the face width, the
more difficult it is to manufacture and mount the gear
to bring uniformity in distribution of load across the
full face width is the load distribution factor, which
account non-uniformity in distribution of load across
the face width of gears.

Table 3 Table of load distribution factor (Gopinath and
Mayuram)

Face width (F) (mm)

Characteristics of Support
0-50 | 150 225 400

Accurate mountings, small
bearing clearances,
minimum deflection,
precision gears

1.3 1.4 1.5 1.8

Less rigid mountings, less
accurate gears, contact 1.6 1.7 1.8 2.2
across the full face

Accuracy and mounting
such that less than full-
face contact exists

Over | Over Over | Over
2.2 2.2 2.2 2.2

Table 4 Table of load distribution factor (Norton,

2001)
Face width (F) (mm) Kn
<50 1.6
150 1.7
250 1.8
>500 2

In previous paragraph three sources to estimate Ky
have been mentioned. All three sources provide
different values of Ky, for example gear having face
width 50mm and F/D<0.5 the values of Ky using
equation (5) is 1.13, using Table 3 it is 1.3 and using
Table 4 it comes out to be 1.6. There is huge variation
between the values predicted by three methods.
Designer often find difficulty is adopting in one of the
method.

Kg is the rim thickness factor. When the rim
thickness (t;) is not sufficient to provide support for
the tooth root, the location of the bending fatigue
failure may be through the gear rim rather than at the
tooth fillet. The value of rim thickness factor (Kg) is
selected from table 5 based on the ratio mg = t./h;
where h; is the height of the tooth.

Table 5 Table of Rim Thickness Factor

ms Ks
0.5 2.4
2.2 0.6
0.8 1.7
1 1.3
>1.2 1
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Yj is AGMA bending geometry factor and it is the
modified form of Lewis form factor ‘Y. The value of Y;
depends on number of teeth in mating gear and its
value is estimated from the graph given by (Richard,
Budynas, 2014).

The safety factor (Sr) guarding against bending fatigue
failure is given by equation (6)

Sk :M (6)
KrKgrog

Where; St is the allowable bending stress, Yy is the

stress cycle factor for bending stress, Kr is the

temperature factor, Kr is the reliability factor.

The value of allowable bending stress is given by

equation 7(a).

0.533Hg +88.3MPa  For Grade 1 7(a)
= a
T 0.703Hg +113MPa For Grade 2

The stress cycle factor (Yn) is given by the graph
provided in figure 14-14 of book of Richard, Budynas
(2014). The reliability factor (Kg) is estimated based on
the required reliability (R) and the value is estimated
from equation 7(b).

0.658-0.0759In(1-R) 0.5<R<0.99
R= 7(b)

0.50-0.109In(1-R) 0.99 < R <0.9999

For oil or gear blank temperature up to 1200C, Kr is
considered to be unity. For higher temperature the
factor should be greater than unity.

(ii) Proposed Approach

The AGMA approach uses a single value for predefined
conditions which may result in wrong design if the
condition is slightly changed. To overcome such
problem, probabilistic approach incorporating the
statistical variation in various design factors can be
used. In this approach, it is assumed that the standard
deviation of each variable follows the probability
density function of Gaussian distribution, expressed in
terms of its mean g and its standard deviation &Q as

given in equation (6):

2
1 _1[Q-mg 8
f(Q)_éQ\/EEXp{ 2[ Sq ” ©)

To normalize the Eq. (68, variables can be expressed in
terms of ‘normal variable’ having a mean of zero and a
standard deviation of unity, such as.

_Q-n
Q

Reliability is the probability that any machine system

will perform its intended function satisfactorily

Z 9)

without failure. In mechanical design, the reliability
means the chances of strength greater than the stress.
In other words, stress and strength are statistical in
nature and very much tied to the reliability of the
stressed component. To understand it let us consider
the probability density functions for stress and
strength, ¢ and S,. The mean values of stress and
strength are [ and ps respectively. Here, the average
factor of safety is pus/ps. The margin of safety for any
value of stress o and strength Sy is defined as Q=Sy-o.
In classical approach, the part safety is decided based

on the positive value of6 = Uy — U, . However, there

are chances of overlap in stress and strength
distributions, as shown by the shaded area in figure 4.
In this area the stress exceeds the strength, the margin
of safety is negative, and part is expected to fail. The
hatched area is called the interference of ¢ and Sy. The
reliability (R) that a part will perform without failure is
the area of the margin of safety distribution for Q > 0.
The interference is the area (1-R) where part fails.

§

Fig.4 Stress and strength distributions
To find the chance that Q>0, the value of ‘Z’ variable
(equation 9) is obtained for Q=0.

_Q-ty Mg
Oq Oq

Where pq = ps—ps and Ogq 2110'32 +O'§, , in equation
(10)

y (10)

From the value of Z, the reliability of the component is
estimated using the table given in A-10 of book
authored by Budynas, Nisbett (2014).

In the proposed approach, the design factors given
in equation (1) are considered with statistical
variations to obtain the values of mean and standard
deviation of the bending stress. The mean value () of
stress is obtained by substituting the mean value of
each variable given in equation (1). To determine the
standard deviation of stress (os), the stress equation
(1) is differentiated w.r.t. individual independent
variable. If the design variable is dependent then it is
substituted as function of independent variables. To
understand the procedure, consider the equation (1).
The stress equation given in equation (1) is can be
rewritten as a function of K, Wi b, m, Y;, Ko, Ks, Ky and
Kgas given in equation (11).
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op = F(Ky We,F.m,Y, Ko, Ks Kiy ,Kg) (11)

The standard deviation of equation (9) is estimated by
equation (10)

(12)

2 2 2 2
do 0 ] 0
—b aﬁ + €% a\f, + L] g2 [ L0 52
oK, | & law ) W TR om

2 2 2 . 2 2
9% | gy 24| 9% | 52 ([ 2% | 52 [0 | ;2 [O% | 2
Y4 i K, o (oK, s oKy H o oKg B

As explained
independent, the variable load (W) is dependent on
the applied torque (T) and pitch diameter (D)
(W=2T/D). Therefore f{(W, is replaced by f{(T,D).
Similarly the K, is function pitch line velocity (V) (given
equation (2)) and V is function of angular speed (N)
and pitch diameter (D) (V=nDN/60). Equation (10) is
rewritten as equation (13)

00 2 0o 2 0o 2 00 : 00 :
) P . ' P .
T oF om oY K, 0

N 2 2 2 2 2
Y Y X P . e -
Ky ) K oKy ) K oloKg) Ke (oD N

In the present approach variable in load is accounted
by considering variations

earlier the variables must be

(13)

in torque and speed;
therefore there is no need to consider the over load
factor (Ko).

AGMA bending geometry factor (Y;j) is function of
number of teeth and nominal pressure angle, which
will has zero standard deviation. Therefore, there is no
need to consider standard deviation of Y;. Similarly,
deviation in value of module (m) is almost negligible,
so no need to consider its standard deviation.

Pinion

(a) Axial offset

(b) Angular Offset

Fig. 5 axial and angular offset during gear and pinion
engagement

The load distribution factor (Ku) is the due to the
improper engagement of gear and pinion as shown in
figure 5. Due to the assembly error in engaging the gear
and pinion, as well in the mounting of bearings, the

faces of gear and pinion shift and as a result effective
face width in contact decreases.

Amplitude

1000 2000 3000 4000 5000 6000 7000
Frequency(Hz)

Fig. 6 FFT for different type of bearings

It is interesting to note that gear effective width
depends on the alignment and rigidity of the support
bearings. Figure 5(a) depicts an axial offset between
the gears, which results in reduction in contacting face
width. Similarly an angular offset is shown in figure
5(b). These offsets arise due to the clearance in the
bearings and coupling (i.e. Jaw coupling) between
driving and driven shafts. Therefore to incorporate the
design factor for load distribution, the full assembly
has to be considered. To illustrate it, let us consider
three scenarios of an assembly: (i) Assembly 1: shaft
supported on two deep groove ball bearing of bore
diameter 50mm; (ii) Assembly 2: shaft supported on
one deep groove ball bearing and one radial roller
bearing; and (iii) shaft supported on one deep groove
ball bearing and one self-aligning ball bearing. The FFT
plot obtained from acceleration signals of three
assemblies have been plotted in figure 6. This problem
can be overwhelmed by including the statistical
variation considering the full system. However to get
the accurate results, intensive study has to be
performed which is out of scope of the present work.

In statistical approach, this can be accounted by
consider the minimum value of face width. To
understand this let us consider mean value of width as
up and standard deviation as oy In statistical approach,
the minimum value of face width will be p,-3c1. By
considering this, there is no need to account Ky and
standard deviation in face width.

In statistical approach variation in material
properties is accounted. In addition, the minimum
possible value of face width is considered. Therefore,
there is no need to account size factor K. There is very
rare chance of designing thin rim of gear. Generally t. is
far greater than the tooth thickness (mg>1.2). The basic
reason for stating mg>1.2 is that the diameter of shaft
is generally much smaller than the pitch diameter of
the gear. Therefore, there is no need to account Ks.
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As per discussions provides in previous paragraphs, Eq
(11) and Eq (13) can be expressed as:

op = f(K,.T.D,F,mY;) (14)

2 2 2 2
_|[2) 2. (99 2 (99| 2 (00h) 2

To examine the variation of solutions attained using
with and without statistical variation of AGMA
equation (1), a case study is considered and
comparison of results is presented.

Case Study: Determine safety of a high quality (shaved
and grounded) pinion of spur gear system to transmit a
torque of 1130Nm @ 4500 rpm with speed reduction
of 3.5. Assume the pressure angle = 20°, number of
teeth (Zp)=29 and module(m)=6mm. The corrected
endurance strength of gear material varies in the range
of 300 MPa to 400 MPa. Standard deviations in torque
is or= 300 Nm, in speed 100 rpm and in pitch diameter
0.5mm. Due to crowning and manufacturing errors, the
face width varies from 50mm to 52mm. Due to
possibilities of angular and parallel offset, effective face
width may varies in the range of 40mm to 52mm.
Solution: To determine the safety of spur gear, one of
the two approaches (i) Proposed probabilistic
approach and (ii) AGMA classical approach can be
used. In the present case, both the approaches have
been used and comparison among the obtained results
has been presented.

(15)

(i) Probabilistic Approach

(i) As per provided information, the dynamic factor for
shaved and grounded pinion is given as:

5.56+V
K, = ,/—
5.56

The pitch line velocity (V) is a function of pitch circle
diameter of pinion (D) and speed (N). On incorporating
these values, equation (16) is rewritten as:

(16)

5,56+ | 0N
V60 _ j1+0.0412JDN

5.56 (17)

(ii) From the graph provided in (Richard, Budynas,
2014), the value of form factor (Y;) for 29 number
of teeth in pinion and 87 teeth in gear is is 0.38.
(iii) F=pp-30b=(52+50)/2-3(52-50)/6 = 50mm

Substituting the above estimated values in equation (1)
we get:

o = KM % 140.0412/DN

Fij

(18)

Partial differentiation equation (18) w.r.t. D, N, T and F,
we get

05
fos BT LY o oanay/on | %\6 N = 4.9x10°

N FD 2
%z% 1+0.0412JDN =147x10°

-0.5
fos_ BTDT i vooatafoN + T Lo oata O ** L ND-05 5 g 3010
D 2 FD 2 2

0o :—8772” J1+0.0412/DN = -3.34x10°
F2p

oF

Given 01=300 Nm, on= 100 rpm and op= 0.5mm.
Substituting the values obtained and given values in
equation (15), the estimated value of os is 44.78 MPa,
Now to calculate the value of normalized factor ‘Z’, psy,
Osy, o, Oq is calculated as follows

04,=(400-300)/6=16.66MPa,
1sy=(400+300)/2=350MPa.

v1+0.0412VDNT N

=2
Ho FaygMYD
2260 \/1+ 0.0412+0.174x 4500 - 181MPa
0.046x0.006x0.38x0.174
W = Msy—Ho =  350-181.22=169MPa  and

0y =+/0 +0’ =4756MPa. The value of Z is
estimated by equation (8)

Z_Q_ﬂQ _ Mg 169

=-3.55

For the value of Z =-3.55, the estimated reliability from
from table A-10 (Budynas and Nisbett, 2014) is 0.9998.
(ii) Classical Approach

The stress calculated using the AGMA equation given in
equation (1) is estimated as follows:

KW
- KoKgKy K
Oh mej o™B™HMNs
_TLHO042VON | ooy 131 sgipa
DmeJ
Fog - (400+300) _, o0
20'Q

FOS of safety is 1.36, which is indicating overdesign of
gear. Generally after accounting all correction factors,
FOS should not be more than 1. This observation is
similar to the observation made
(probabilistic) approach.

In the present only bending failure of spur gears
has been considered. However, in practice other failure
modes such as abrasion, scoring and galling also occur.
For complete design of gear, all failure modes must be
considered.

in previous
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Conclusion

Gears designed wusing AGMA (American Gear
Manufacturing Association) method requires a number
of subjective design correction factors. The proposed
probabilistic approach reduces the subjectivity by
eliminating correction design factors and provides
more realistic results. A case study to illustrate the
procedure to use the proposed statistical approach has
been considered. Based on the obtained results it can
be said that the proposed approach is a robust
approach and shall be used to design various machine
elements.
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