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Abstract 
  
This paper describes the static and dynamic analysis of thin isotropic and orthotropic CCCC plates. Two methods of 
analyses were carried out and compared. One is the theoretical analysis, the second is the finite element analysis with 
the conventional finite element modeling approach. The theoretical analysis was divided into stress, deflection, and 
frequencies calculations. The analysis was carried out using the classical thin plate theory. For the finite element 
analysis, the analyses were performed using the ANSYS finite element software. The first Five natural frequencies 
were obtained for the plates. For all these methods, the theoretical and numerical analyses are to be compared.  
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Introduction 
 

1 Finite element analysis (FEA) is a powerful 
computational technique used for solving engineering 
problems having complex geometries that are 
subjected to general boundary conditions. While the 
analysis is being carried out the system is discretized 
into a finite number of parts known as elements by 
expressing the unknown field variable in terms of the 
assumed approximating functions within each element. 
For each element, systematic approximate solution is 
constructed by applying the variational or weighted 
residual methods. These functions (also called 
interpolation functions) are, included in terms of field 
variables at specific points referred to as nodes. 
Modeling is useful for solving complex solid structures. 
     The present work deals with the analysis of an 
isotropic rectangular element being considered as a 
plane stress condition, under fully clamed boundary 
condition. Throughout the analysis, the master element 
which is four noded quadrilateral elements, are used. 
Later, experiments have been conducted for same, 
using ANSYS. Finally, results have been checked with 
exact results obtained from Kirchhoff plate theory. 
Orthotropic plates are widely used in civil 
infrastructure systems and other structural 
applications because of their advantageous features 
such as high ratio of stiffness and strength to weight. 
Thus, the knowledge of their free vibration 
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characteristic is very important to the structural 
designers. The vibration of orthotropic plate is more 
complicated due to the material anisotropy. Thus, the 
solutions of rectangular plates with four edges 
clamped boundary conditions are obtained by 
substituting the boundary conditions that satisfy the 
support modes of the plate to derive the fundamental 
natural frequency equation for the plate. Comparison 
studies are performed between the present results. 
The effects of materials, dimensions on the natural 
frequency of the orthotropic plates are investigated 
and discussed. 
 

Kirchhoff plate theory  
 

The basic assumptions being considered under 
classical Kirchhoff’s plate bending theory are identical 
to the Euler-Bernoulli beam theory assumptions. 
Consider the differential segment from the plate by 
planes perpendicular to the x axis as shown in Figure 1.  
 

  
 

Figure 1 Out of plane stresses 
 

Load ‘q’ causes the plate to deform in the z direction 
and the deflection ‘w’ of point ‘P’ is assumed to be a 
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function of x and y only, that is, w=w(x,y) and the plate 
does not stretch in the z direction. The conventional 
assumptions are considered with the Kirchhoff theory, 
these assumptions result in the reduction of a three-
dimensional plate problem into a two dimensional one. 
Consequently, the governing equation of plate can be 
derived in a simple and straight- forward manner. 
 
Governing equations for deflection and Frequency 
 
The aforementioned assumptions of Kirchhoff plate 
theory makes it easy to drive the basic equations for 
thin plates. 
 According to assumption of the theory the 
moment/curvature expressions was used to obtain the 
final form of governing partial differential equation for 
isotropic thin-plate in bending which it is: 
 
d4w/dx4 +2d4w/dx2 dy2 + d4w/dy4)= p (x,y) / D         (1)             
 
In orthotropic materials stressed in one of the 
principal directions, the lateral deformation in the 
other principal directions could be smaller or larger 
than the deformation in the direction of the applied 
stress depending on the material properties also; the 
magnitude of the shearing deformation is independent 
of the elastic constants. An orthotropic material is 
characterized by the fact that the mechanical elastic 
properties have two perpendicular planes of 
symmetry. Due to these only four elastic constants E1, 
E2, G12, 12 are independent. The plate differential Eq. 
(1) becomes 
 
(Dx d4w/dx4 +2H d4w/dx2 dy2 + Dy d4w/dy4)= p (x,y)         (2)                     
 
The dynamic response for any type of a structure can 
be reduced to a set of mode shapes, each with an 
associated modal frequency and damping. These modal 
parameters constitute the dynamic properties of the 
structure and provide for a complete dynamic 
description of the structure. The method based on 
superposition of appropriate Levy type solutions for 
the analysis of rectangular plates was first illustrated 
by Timoshenko and Krieger. Gorman extended this 
method to the free vibration analysis of isotropic, 
clamped orthotropic rectangular plates,… (Maan H. 
Jawad et al, 2004). The governing differential equation 
for isotropic plate is 

 
D (d4w/dx4 +2d4w/dx2 dy2 + d4w/dy4)= 2  w          (3)      

 
Where w is displacement in positive z – direction,  is 
the mass per unit area of the plate, 2 is the 
fundamental natural frequency. A direct solution of 
such equation might be difficult and most of the 
reported solutions are based on numerical and for 
orthotropic. For the orthotropic thin plate by using the 
love-Kirchhoff's hypotheses, the differential  equation 
of the free vibrations has the form (Iuliana Sprintu, Ion 
Fuiorea et al, 2014): 

D1 d4w/dx4 +2D3  d4w/dx2 dy2 + D2 d4w/dy4 - 2  h w       (4)               
 
Where  
 
D1= E1 h3/ 12(1-1221) , D2= E2 h3/ 12(1-1221) , D66 = 
G12 h3 / 12 
 
D12= 12 D2 = 21 D1 , D3= D12 + 2D66 
 
And the coefficient 21 can be determined according to 
following relation 
  
12 / E1 = 21/ E2  
 
Analytical solution  
 
Consider a rectangular plate with length a and width b, 
it is assumed that the four edges are fully clamped 
conditions, so Levy-type solution is used for this case, 
the boundary conditions are: 
 
w= dw/dx = 0 for x=0 and x=a , w = dw/dy=0 for y=0 
and y=b                                           
                       (5) 
This approach used to obtain the exact solution that 
satisfies the prescribed boundary conditions. Let us 
mention that Reddy proposed solution for equation (2) 
with boundary condition (5) as (Y.F. Xing, B. Liu et al, 
2009). Using Steel with data (1) in table (1) we get the 
maximum value of the deflection w(a/2,b/2) =0.02306 
mm for isotropic plate.  
 For the case of modal analysis, (Arthur W. Leissa et 
al, 1969) presented the nondimensional frequency 
parameter, K, based on the classical Voigt. The 
respective classical natural frequencies for thin 
isotropic plate are defined by 
 
mn= K/a2  (D/h)1/2                                                             (6) 
 
where  K2 = (505.0683+285.7143/P + 504.0683/P3) , P 
= b/a =aspect ratio 
 
The natural frequencies of orthotropic plate of size a × 
b of equation (4) are defined for fully clamped 
boundary conditions as (Arther W. Leissa et al, 1969) 
by: 

 
=49 p a4/ 256 x 8(7Dx + 4H+ 7Dy)      
 
Where    H= D1 +2Dxy                             (7) 
 
FEA formulation for 4-noded quadrilateral element 
      
Isotropic and orthotropic four node quadrilateral 
element is having one node at each corner as shown in 
Figure (2). There are three degrees of freedom at each 
node, therefore, the element has twelve degrees of 
freedom and the displacement function of the element 
can be represented by a polynomial having twelve 
terms.                                                               
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Table 1 Mechanical Properties &dimensions details for FourSix types of plates 
 

Example 
No. 

Isotropic Plates Data 

a 
(m) 

b 
(m) 

h 
(m) 

E 
(pa) 

 
 

G 
(pa) 

Loading 
(pa) 

Mass 
Density Kg/m3 

B.C. 

1 10 10 0.05 
200e9 

0.3 -- 
0.00419e

6 
8000 CCCC 

Example 
No. 

Orthotropic Plates Data 

a 
(m) 

b 
(m) 

h 
(m) 

E1 
(pa) 

E2 
(pa) 

12 
 

G12 
(pa) 

Loading 
(pa) 

Mass 
Density 
Kg/m3 

B.C. 

2 300 200 1.45 22051e6 18512e6 0.071 8642e6 

0.00419 
e6 

800 

CCCC 
3 1 1.2 0.0004 185e9 10.5e9 0.28 7.3 e9 1600 
4 1 1.2 0.0004 208e9 18.5e9 0.23 5.7e9 2000 
5 1 2 0.0004 208e9 18.5e9 0.23 5.7e9 2000 

 

The stiffness matrix given by 
 

 
 
[k]e =  [B]T [D] [B] dx dy ={ [G]T } (  [Q]T [C] [Q] dx dy) 
[G]-1               
                   (8)              
 
In the case of orthotropic plate element 
 
[k]e = 1/15 a b [R] {Dx [k1] + Dy [k2] + Dxy [k3] + Gxy [k4]} 
[R]                                     
                  (9) 
The stresses at any point in the plate are given by: 
 

[
   
  
  

] = {} = [D] {}                 

 

 
Figure 2 Rectangular element geometry 

 

 
 

Figure 3 Typical element used in the analysis 

ANSYS analysis  
 

Finite element analysis software ANSYS is a capable 
way to analyze a wide range of different problems. In 
this study, finite element analysis is conducted using 
ANSYS software. An 4 and 8 node shell elements, 
(specified as SHELL 181 , 281 respectively in ANSYS) is 
used throughout the study of isotropic and orthotropic 
plates. The second element has eight nodes with six 
degrees of freedom at each node (Fig.3): translations in 
the x, y, and z axes, and rotations about the x, y, and z-
axes. SHELL281 is well-suited for linear, large rotation, 
and large strain nonlinear applications. 
 

Numerical Examples and Discussion 
 

Example (1): A square fully clamped isotropic plate 
(Data 1).  
Example (2): Rectangular fully clamped orthotropic of 
single layer plate (Data 2). 
Example (3): Rectangular fully clamped orthotropic of 
single layer plate (Data 3).  
Example (4): Rectangular fully clamped orthotropic of 
single layer plate (Data 4).  
Example (5): Rectangular fully clamped orthotropic of 
single layer plate (Data 5).  
 
First, we presented the comparative results between 
the numerical and analytical max. deflection values, for 
the isotropic plate of mentioned dimensions and 
boundaries subjected to the uniform pressure p= 4190 
pa. by observing the results from figure (5), the 
agreement between the two solutions are shown in 
table (2).  Max. normal stress is presented also in the 
table (6).                                                                                                                                                                                                                                            

 
 

Figure 4 Boundary conditions of Levy-type plate 
 

Table 2 Max. deflection & max. normal stress for 
10x10m isotropic plates 

 

Maximum deflection, m 
Analytical Solution  Present FEM 

0.0230604 0.023103 

Maximum normal 
stress, Pa 

Analytical Solution Present FEM 
-- 0.406e8 
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Figure 5 Max. deflection due to uniform loading for 
CCCC 10x10m isotropic Plate 

 

 
 

Figure 6 Max. normal stress for CCCC 10x10 m 
isotropic Plates 

 

Table 3 Max. normal stress for orthotropic plates from 
FEM 

 

Plate type Ex2 Ex3 Ex4 Ex5 
Stresses(Pa) 0.343e8 0.134e11 0.136e11 0.133e11 

 
The variations in deflections of the orthotropic plates 
with fully clamped boundary condition are then 
illustrated in table (4). Figures (7), (8) and (9) showed 
the max deflection contours plots and maximum 
normal stress for mentioned types of orthotropic 
plates. The values for maximum deflection at W(a/2,b/2) 
is larger than the isotropic case. 

 
 

 
 
Figure 7  Max. stress, deflection due to uniform loading 

for CCCC 0.3x0.2m orthotropic 
 

 
 

 
 

Figure 8 Max stress, deflection due to uniform loading 
for CCCC 1x1.2m M1 orthotropic 
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Table 4 Max. deflection for orthotropic plates from FEM 
 

Plate type Ex2 Ex3 Ex4 Ex5 

Deflection (mm) 0.003053 11.381 10.2911 10.0232 

 
Table 5 Comparative results on modal analysis between the analytical and numerical result for the isotropic 

plates with axb=10x10m 
 

Isotropic CCCC plate (example1) 

Natural Frequency (Hz) 1 2 3 4 5 

Analytical [Robert,1979] 5.999 8.568 8.568 10.407 11.472 

FEM 4.339 8.877 8.877 13.083 16.009 

 
Table 6 Comparative results on modal analysis between the analytical and numerical result for the orthotropic 

plate with axb=0.3x0.2 
 

Orthotropic CCCC plate (example2) 

Natural Frequency (Hz) 1 2 3 4 5 

Analytical [7] 149.99 246.46 367.39 382.48 453.59 

FEM 150.65 238.92 364.83 388.29 444.31 

 
Table 7 Comparative results on modal analysis between the analytical and numerical result for the orthotropic 

plate with variable materials and axb=1x1.2m 
 

  Ortotropic CCCC plate 

Material type E1/E2 Natural Frequency (Hz) 1 2 3 4 5 

Of ex 3 17.62 
Analytical [8]  4.80 5.08 5.68 6.56 7.60 

FEM 4.57 5.02 5.60 6.44 7.50 

Of ex 4 11.2 
Analytical  - - - - - 

FEM 4.35 5.00 6.68 9.33 11.705 

 

 
 

 
 

Figure 9  Max stress, deflection due to uniform loading 
for CCCC 1x2m orthotropic Plate 

The natural frequencies of the isotropic plate and the 
other orthotropic type plates are studied and disused. 
The first comparison is carried out for thin isotropic 
plate. The aspect ratio is assumed to be 1. Table (5) 
shows the comparisons of the first five natural 
frequencies predicted by the present work with the 
exact solution given by Robert. It can be seen that the 
present results give well accuracy. 
 The next comparison is performed for thin 
orthotropic plates with different dimensions using 
three types of materials. Table (6) shows the 
comparisons of fundamental frequencies of 
0.3x0.2x0.00145m CCCC orthotropic plate. It can be 
seen that the results are in good agreement with these 
obtained from exact solution given by Reddy (Iuliana 
Sprintu, Ion Fuiorea et al, 2014). In table (7) the exact 
results given by (Y.F.Xing, B.Liu et al, 2009) compared 
with the results calculated by FEM for two types of 
materials. It is found that the first two results give good 
agree with the exact result for first material.    
 In table (8) the FEM results for orthotropic plate 

with variable length b are compared for data and 
material of plate 5, the results in (Iuliana Sprintu, Ion 
Fuiorea et al, 2014) are used for comparison. It is 

noteworthy that the FEM frequencies are slightly 
smaller than the results used for comparisons. Also the 

following remarks can be made from tables (7) and (8) 
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Table 8 Comparative results on modal analysis between the analytical and numerical result for the orthotropic 
plate with variable b for example (5) 

 
Orthotropic CCCC plates 

b Natural Frequency (Hz) 1 2 3 4 5 

1 
Analytical [8] 4.87 5.50 6.68 7.91 8.15 

FEM 4.47 5.707 8.38 11.77 12.41 

2 
Analytical [8] 4.75 4.82 5.00 5.32 5.78 

FEM 4.23 4.37 4.71 5.33 6.31 

 
- Regardless of boundary condition the fundamental 

frequencies are increased by increasing the 
modulus ratio (E1/E2). 

- Regardless of modulus ratio frequencies are 
increased by increasing the side to thickness ratio 
b/h. the effect of thickness ratio becomes 
significant for thicker plate with high modulus 
ratio. It means that by keeping (a) as a constant 
and (b) kept on increasing natural frequency of the 
plate decrease. This is due to the effect of shear 
deformations.[11]. 
 

 
 

 
 

 

 

 
 

Figure 10 First Four modes for the 10x10m CCCC 
isotropic plate 

 
Conclusions 
 
This paper mainly focused on the finite element model 
for deflection and natural frequency for isotropic and 
orthotropic rectangular and square plate. During the 
analysis plate dimension b varies from 1 to 2 m under 
same plate type and compared with exact solutions, 
which are calculated from plate theory. Analysis results 
showed convergence towards the exact solution as 
well. Hence, we can conclude that the present analysis 
by FEM is a good approximate method for analyzing 
plate in deflection and vibration. Equations are difficult 
to solve for orthotropic types plates. It can be 
concluded that the present analysis is not only accurate 
but also simple in predicting the natural frequencies of 
orthotropic plates. 
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