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Abstract

Ramanujan studied hypergeometric series extensively before is gone to England. The chapter 12, 13 and 15 in the first
notebook deal with these series. There are many left hand pages in the first notebook that contain facts about
hypergeometric series and hypergeometric functions. When I try to understand Ramanujan’s impact on mathematics, it is
useful to see what was known when he started to work, to try to figure out what he knew, and then see what he
rediscovered or added to known mathematics. Making use of an elliptic WP-Bailey pair and certain theorems for
constructing elliptic WP-Bailey chains, | has established some transformation formulae for theta hypergeometric series.
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1. Basic Hypergeometric series and their elliptic
analogues

iFor [dI<1
defined by,

;0] = k—O(l aq )

, the g- shifted factorial for all integers n is

and

(@l =gl

[ad™al,,
Specially,

1-a)(1-aq)..(1—ag"?}, n>0
[a;q]n:{< )(1-aq)..{1-aq" 2

0, n=0.
With the usual condensed notation

[yl ~[aga) ey, Lol

It can define a basic hypergeometric series as,

. . n
o[ f52 ) [t ity
r+l |

Here it is assumed that the b; are such that none of the
terms in the denominator of the right hand side vanishes.

A r1®r

is said to be very well-poised if

qa=ayy =agh, =...=a_ by —a3=0,f3.

and 2
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. O
A very well-poised T+1 " series is expressed as
al,q\/7 -0,/a.3,.8,_1;0:0
raVi [al By ar+1;q}:r+lq)r ﬁ_ﬁﬂ a9

.....

a a
4 r+l
Here it always assume that parameters obey the relation,
r-3,r-5
(a4a5'"ar+1) =3[

To introduce the elliptic analogues of basic

hypergeometric series it is denoted by Z(ZP) the
modified Jacobi theta function

0(z:P)=[2 Plo| P/ ZiP Lio ¢4 IPI<L. @

Using (1) one can define an elliptic analogue of the g-
shifted factorial by

[a;0, p], =6(a; p)6(aq; p)e(an; p)--ﬂ(aq”‘l; p),

[a;0, p]p =1
and

. qn[n+1)/2
[a:0, P]_n = [aq_n;q, pJn h (-a)" [a/aa,p],

It is defined a balanced, very well poised elliptic
hypergeometric series by,

r+1 r[ala 1870800 p;z]
_ ¥ (alq ;p)[""l‘a 87081050 p}nznqn
" 00(a 0 030 5 4000 ]

(Gasper, G. & Schlosser)
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Where,
0(20”";p) [ava.-ava.aya7p.~aapiq.p], (-0) "
o(ap) [\/gl_ﬁ,@,—\/m:q, p}n |
©)

Warnaar defined the elliptic WP Bailey pair as the pair of
sequences

{an(a,k;, p), Bn(a.k;q, p)}
satisfying the equation

[k.k/a;q,p]p
a,kig,p)==——r——x

k n! _n' ! '
g ][- : q lqnp:|l’ (%) ar (a,k;q, p)-
r:O[aq N/kaq g, P}r

4)
Following are theorems for constructing elliptic WP-
Bailey chains.
Theorem 1

If
{on(a.k;a,p).fn(a.kia, )}

is an elliptic WP Bailey pair, then so is the pair

{en(akia. p). Ay (akia p)}

given by
. 1, P5:0, P

an(a,k;q, |C>)=M(k/m)n ap(a,m;q, p),
aq aq.g, p}
P Py n

(%)

mg mq. }
7777qvp 2r. .

fn(akia, p)jpl 2 _h$ ool o p}rx
aq aq. r=0 .| mg mq.
—=,=q,p g(m;p)|—,— 4, p}
) L P Py r

><[k/m;q, Pln—r [K:9 Plnir

r .
[A:0, Pln—r [MA: D Plnr (k/m)" By (a,m;q, p),

(6)

where
m= plpzk /aq.

(Warnaar; theorem (1)

Theorem 2

If
{en(akia, p). A (2 kia, p)}

is an elliptic WP Bailey pair, then so the pair
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{an(a.k;q, P). fn(ak:q, p)}
given by

an(a? kiq?, p?)=an(amq, p)
(7

[-ma;q, plyy o O(maZip)[k/m?ia2 p?]
-0 Plan =0 o(mip)|aZia?,p? |

r

fn(a? kia?,p?)= «
[k;qzy pz} n—r
o n+r (mj Br(a,m;q, p),
[mqu;qz’ p2}n+r : r

(®)

where

m=Kk/aq.
(Warnnar ; theorem (2)

Theorem 3

If

{an (ak;a, p), fn(ak;a, p)}

is an elliptic WP Bailey pair, then so is the pair
{ah(a,k;q, p). fn(a.k;q, p)}

given by

alzn I:a,k,q, p]:an |:a, m,q2: p]: a‘2n+1|:alk1q7 p:IZO
%)
, [mq;qz, p}n [n/2]6(mq4r; p)[k/ m;q, pl_or
bPn(ak;q,p)= 5 o(m; p)[a:, p]
aq,q%,p| =0 PA S Pln-2r

(ki P Jns2r n-2r 2
x—=——=112l (—k/a a,m;g<, p|,
MG Plngar D A r( | p)

(10)
where

m=k2/a.
[Warnnar ; theorem (3.3)
2. Elliptic WP Bailey pairs

In this section we shall obtain elliptic WP Bailey pairs.

Frankel and Turaev established the following summation

formula

_ [aq,aq/bc,aq/bd,aq/cd;q, p],

" [a.aq/b,aq/c,aq/d,aq/bcd;q, Pl
(11)

10Vl asb.cd,e,aa,p]
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Where

a2q=bcdeq™"
Putting

(Gasper, G. & Rahman ; p.307)

kq"

for e in (11) we get,

10 s{abc""q ka",q~ q,p]

2

2k. aq ,.n 4,—n. k
i 0(aq ,p){a,b,c,bck,kq . ,q,p}kq
=2

k=00(a; p)[q,aq/b,aq/c,bck/a, aql_n/k,aq1+n:q, D}k

_ [ag,aq/bc,bk/a,ck/a;q, p],
[ag/b,aq/c,bck/ak/a;q,p],"

(12)
Now, choosing

e(aqzr; p) [a,b,c,azq/bck;q, p}r (k /a)r
6(a;p)

ar(a.kiq.p)= [9,aq/b,aq/c,bck/a;q, p]y

in (4) we get
. _[k,k/a;q,p],[ag,aq/be,bk/a,ck/a;q, pJ,
F(akia.p)= [9,ag;0, p]n[aq/b,aq/c,bck /a,k/a;q, p ],

_ [k,aq/bc,bk/a,ck/a;q, p],
“[a.aq/b,aq/c,bck/a;q, p]p,”

(13)
Thus we find that
. H(aqzr; p) [a,b,c,azq/bck;q, p}n(k/a)n
on(a.ka,p)= O(a;p) [g,aq/b,aq/c,bck/a;q, p],
and

[k,aq/bc,bk/a,ck/a;q, pJ,

Bn(ak;a, p)= [a,aq7b,aq/c,bck/a;q, p],

(14
form an elliptic WP Bailey pair.
Now, we shall make use of the elliptic WP Bailey pair
given in (14) and theorems 1 to 3 given in previous section
to obtain another elliptic WP Bailey pairs.

(1) If we use elliptic WP Bailey pair given in (14) in
theorem1, equation (5) and (6) we find another elliptic WP
Bailey pair given by

2n.
. P12 P50, P flag<"’; p
an(a,k;q, p)= M(k )“(H(a))x
/’1 pz n

[abca q/bcm;q, p} (m/a)n

[g,aq/b,aq/c,bcm/a;q, p],

(15)
and
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mg mq.
:9,p | [kKk/ma,p],
pl ,02 }n

X

Bn(a,k;q,p)=
& ﬂ 1, p} [9,ma;q, P,
’01 n

12V11[m;p1,p2,aq/bc,bm/a,cm/a, kq",qg™:q, p]
(16)
(ii) Replacing elliptic WP Bailey pair in equation (4) by

new elliptic WP Bailey pair given in (15) and (16) we get
a transformation formula

. n ,—n.
12Vll[m,,ol,pz,aq/bc,bm/a,cm/a,kq g0, p}

aq aq m
g,.k/a;q, p}
'01 ) n

mq mq ,k/m,aq;q, p}
A~ pZ n

X

2
12V11{abcb bomAvP2 kA" ’q'p]'

(17)
Where
m= Lpzk .
a

(iii) Putting the elliptic WP Bailey pair given in (14) in
theorem 2, equation (7) and (8) we get another elliptic WP
Bailey pair given by (17)

k

—5, k0%,

[-ma;q, plop {m P }n (mjnx
[-a9:a, plon [qz m2q2 q2 sz

H(qur;p)[qu q 2n,q2 p2} maqz]rx

fn(a? kia?,p?)=

2 [ k
o(m: p)l 1% 4220, m2q2+ 20,2 pzl
.

[m aq/bc,mb/a,mc/a;q,p],
[q aq/b,aq/c,bcm/a;q, p],

[ommi o] [ekme 7] (]

X
=
OM

a
|-a0-aq%0% p| |a% m?a%02 p? |
aq mb mc - maq
1211{mb o Vka" kg™ g " qpk},
(18)

where m = k/ aq.

(iv) Replacing elliptic WP Bailey pair of equation (4) by
elliptic WP Bailey pair given in (17) and (18) we obtain
the transformation

12V11[m zq.mb,mc Jka",—vka",q™",—q";q, p; maq}
|k/a2 mqZiq?,p? | |- aq,—aqz;qz,p}n

:[azqz,k/mz o?.p?] | -ma,-ma%iq?p |

X
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224
mag
1211[abcbm\/_ —ka".q™" -, p; ]

(19)
where m =k /aq.

(v) Putting the elliptic WP Bailey pair given in (14) in
theorem 3, equation (18) and (19) we get another elliptic
WP Bailey pair given by,
2 2 n
m
S| (3]

6(aq™"; p){

0(a; p)[qz,aqzlb,aq /c,becm/a;q ,p}n
(20)

a, (a,k;q,p)=

1 (2:Ki0,P)=0
[mq;qz, p}n [% a, p}n[k;q, p]n(—gjn

fn(akia, p)=
i 126.62.p] [6:0. Pl [maiq, ply

X

[n/z]e(mq‘";p)[q—n;q,pbr mq 2" [ka"idpl, a2
" o(m; P)[mql’”'q p} [?j [mql”‘;q, p} (Ej "
PIT P, or

[m,aq2 /bc,mb/a, mc/a;qz, p}r

X

[qz,aqz/b,aq2/c,bcm/a;q2, p]r '

(21)
Where
2
m=K"
a .

(vi) Replacing elliptic WP Bailey pair in the equation (4)
by elliptic WP Bailey pair given in (11) & (12) we get the
transformation

\, aq mb mc kqn kqn+l

m: q q—n+1 m?a?
12711 bc ' a

q p:
k4

[k/a,mq;q, p]n[aq:qz, p}n ( ajn
= _ X
[ag.k/mq, pJy | maig?,p| * K

2.2
. a—q n N+l ,—n —n+l. 2
Xlzvlllia,b,c,bcrnykq 1kq !q q q p kz
(22)
Where
2
m= K
a

3. Special Cases

Taking p = 0 in (17), (10) and (13) we get the following
transformations respectively,

i 1OW9[m;p1,p2,aq/bc,mb/a,mc/a’kqn,q_n;q;q}
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aq/py,aq/ p,,ma,k/a;q
_ n
[mq/pl,mq/pz,k/m,aq;ﬂn

2
X0 Q[abcb e i qq}

(23)
Where
2 APk
a
b
] T R R
(i)

s e[ ]
[azqz,k/m ,—mq,—qu;qz}

10 Q[abcsq,q”f "k, g Mg 1

X

(24)
where m =k / aq.

2 2,2
aq mb mc . n ..t ,—n ,—n+l. 2. M"aq
(iii)lowg{ bea a AT }

B [k/a,mag;q], {aq;qz}n (—al k)n

[ag,k/m;q], [mq;qz}

X

2
X0 Q{abca 9 kg kg",q~ ,q_n+1;q2;7m:g ]
(25)

(24) can be written as,
p1p2 I”lpz lplpz K Arkd plpzkc LI .
a 2

®
! [plpz [Propk plpzkbc ag ag plpzq N plpqu1+”
V a V a az "b'c’ a a

aq ag Plpqu’k q
'01 Py a a

X

“Tpka pokq
19,728, 5 e
PP n
a3
a,0+/a, qJ_bc kbc,pl,pz,kq .9 Ma;q
g P7 :
v, fﬂﬂwﬂﬂaq gkt
c a2 ) K
(26)
Taking p=a.py=—a in (26) we get
aq —kb —kc
k. gk —avk, 21 =2 = ka"a Mg
g®7

JoK, -k, —Koe kbC aq iq, _qt N _gghtn
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{qﬁ,—qﬁ,—kq,g;q}
= n)(
kg _kq 50 }
|:\/a, \/ay Y Q1q n
2
~a g ,.n —n.,..
a,b,c, —kbc,kq 509

aq ag b ag" 1
b i) C i) a ) k i)

%5

Taking b = 1 in (27) we have

—k,igvK,—igvK,~X kg, g q

a
5
i\/E,_i\/E’aq’_ql—n,_kql-f-n

(27)
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_an2n\r_ .
1-ag"|[-ka,k/a;q],

2
K
[1—aq2”][—1, ag;q],

(28)
A number of similar results can also be scored.
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